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ABSTRACT

Neighbor discovery is one of the first steps in configuring
and managing a wireless network. Most existing studies on
neighbor discovery assume a single-packet reception model
where only a single packet can be received successfully at a
receiver. In this paper, motivated by the increasing preva-
lence of multipacket reception (MPR) technologies such as
CDMA and MIMO, we study neighbor discovery in MPR
networks that allow multiple packets to be received success-
fully at a receiver. More specifically, we design and analyze
a series of randomized algorithms for neighbor discovery in
MPR networks. We start with a simple Aloha-like algorithm
that assumes synchronous node transmissions and the num-
ber of neighbors, n, is known. We show that the time for all
the nodes to discover their respective neighbors is ©(Inn)
in an idealized MPR network that allows an arbitrary num-
ber of nodes to transmit simultaneously. In a more realistic
scenario, in which no more than k nodes can transmit simul-
taneously, we show that the time to discover all neighbors is
O(22n) When a node knows whether its transmission is
successful or not (e.g., based on feedbacks from other nodes),
we design an adaptive Aloha-like algorithm that dynami-
cally determines the transmission probability for each node,
and show that it yields a Inn improvement over the simple
Aloha-like scheme. Last, we extend our schemes to take into
account a number of practical considerations, such as lack
of knowledge of the number of neighbors and asynchronous
algorithm operation, while resulting in only a constant or
log n factor slowdown in algorithm performance.

Categories and Subject Descriptors

C.2.1 [Computer-Communication Networks|: Network
Architecture and Design— Wireless Communication; F.2.2
[Analysis of Algorithms and Problem Complexity]:
Nonnumerical Algorithms and Performance

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.

MobiHoc’11, May 16-19, 2011, Paris, France.

Copyright 2011 ACM 978-1-4503-0722-2 ...$10.00.

Xian Chen
University of Connecticut

Bing Wang
University of Connecticut

Alexander Russell
University of Connecticut

Wei Wei
University of Massachusetts,
Amherst

General Terms
Algorithm, Design, Performance, Theory

Keywords

Wireless Networks, Ad Hoc Networks, Sensor Networks, Net-
work Management, Neighbor Discovery, Randomized Algo-
rithms

1. INTRODUCTION

Neighbor discovery is one of the first steps in configur-
ing and managing wireless networks. The information ob-
tained from neighbor discovery viz. the set of nodes that
a wireless node can directly communicate with, is needed
to support basic functionalities such as medium access and
routing. Furthermore, this information is needed by topol-
ogy control and clustering algorithms to improve the per-
formance and efficiency of the network [16, 10]. Due to its
critical importance, neighbor discovery has received a lot of
attention, and a number of studies have been devoted to this
topic (e.g., [25, 23, 24, 14, 7]). Most studies however assume
a single packet reception (SPR) model, i.e., a transmission
is successful if and only if there are no other simultaneous
transmissions.

In this paper, in contrast to prior literature, we study
neighbor discovery in multipacket reception (MPR) networks
where packets from multiple transmitters can be received
successfully at a receiver. This is motivated by the increasing
prevalence of MPR technologies in wireless networks. For in-
stance, CDMA (code division multiple access) and MIMO
(multiple-input and multiple-output), two widely used tech-
nologies, both support multipacket reception. Neighbor dis-
covery in MPR networks differs fundamentally from that in
SPR networks in the following manner. In a SPR network,
a node is discovered by each of its neighbors if it is the
only node that transmits at a given time instant; while in
an MPR network, a node can transmit simultaneously with
several other neighbors, and each of these nodes may be dis-
covered simultaneously by the receiving nodes, while none of
them is guaranteed to be discovered by all of its neighbors.

Our focus is on randomized algorithms where each node
makes independent decisions on whether to transmit or not
at a given time instant. The reason for focusing on ran-
domized algorithms is two-fold. First, they do not need a
central controller to coordinate the actions of the various
nodes, and are therefore easy to implement in large scale



networks. Second, they are more flexible and often require
less a priori knowledge of the network and the operating
conditions as compared to deterministic algorithms.

To provide insights, we first consider the neighbor dis-
covery problem assuming that: (i) nodes transmit in syn-
chronized slots and, (ii) the number of neighbors is known.
We later relax each of these assumptions to study neighbor
discovery when the number of neighbors is not known be-
forehand, and when the nodes transmit asynchronously. For
each randomized algorithm presented in this paper, we ana-
lyze their performance in terms of neighbor discovery time,
i.e., the time for all nodes to discover theirs respective neigh-
bors. This is a critical performance metric since faster neigh-
bor discovery leads to less energy consumption and shorter
delays to start other operations of the network.

Our main contributions are as follows:

e When node transmissions are synchronous and the num-
ber of neighbors, n, is known', we analyze the Aloha-
like neighbor discovery algorithm, and show that the
neighbor discovery time is ©(Inn) in an idealized MPR
network that allows an arbitrary number of nodes to
transmit simultaneously, and is © (m), when allow-

k
ing up to k nodes to transmit simultaneously.

As a special case, when k = 1, our MPR model reduces
to a SPR model, and the discovery time is ©(nlnn),
which coincides with the result in [24] for SPR models.
Thus, the results in this paper can be considered to be
a generalization of the results derived in [24] for SPR
networks.

e When k nodes are allowed to transmit simultaneously,
we show that the performance of the Aloha-like al-
gorithm can be improved significantly if a node knows
whether its transmission is successful or not (e.g., based
on feedbacks from other nodes). In particular, we pro-
pose an adaptive Aloha-like algorithm in which each
node adjusts its transmission probability dynamically,
and show that it provides a In n improvement over the
simple Aloha-like scheme.

o We extend our schemes to the cases where the number
of neighbors is not known beforehand and the nodes
transmit asynchronously, and show that they result in
a constant or log, n factor slowdown.

Our results demonstrate that, compared to SPR, MPR in-
deed leads to shorter neighbor discovery time, and in partic-
ular, allowing k& simultaneous transmissions leads to k£ times
speedup.

The rest of the paper is organized as follows. Section 2
reviews related work. Section 3 presents the problem set-
ting. Section 4 describes an Aloha-like neighbor discovery
algorithm and its analysis. Section 5 describes an adaptive
Aloha-like neighbor discovery algorithm, and shows that it
improves upon the basic scheme by Inn. Section 6 extend
our results to scenarios where a node has no estimation of
the number of its neighbors. Section 7 extends our results to
asynchronous systems. Last, Section 8 concludes the paper
and presents future work.

!The actual number of neighbors is n — 1 (see Section 3).
We state the asymptotic results in n for simplicity.

2. RELATED WORK

Our work is inspired by [24] that designs and analyzes
several randomized neighbor discovery algorithms in SPR
networks. As we will see in this paper, the design and anal-
ysis of neighbor discovery algorithms is substantially more
challenging in the case of MPR networks as compared to
the SPR networks studied in [24]. Furthermore, our study
generalizes the study of [24], viz. our results are for the case
where we allow up to k > 1 simultaneous transmissions, and
reduce to those in [24] by simply letting k = 1.

Several other studies develop randomized/deterministic
neighbor discovery algorithms in SPR networks [19, 5, 12,
7, 13]. Our study differs from them in that we consider
neighbor discovery in MPR instead of SPR networks.

The studies of [17, 2, 3, 18] use multiuser-detection based
approach for neighbor discovery. They require each node to
possess a signature as well as know the signatures of all the
other nodes in the network. Further, nodes are assumed to
operate in a synchronous manner. When a node receives
transmission from multiple neighbors, it determines which
nodes are the transmitters based on the received signal (or
energy) and the prior knowledge of the node signatures in
the network. Although these studies also allow multiple
transmitters to transmit simultaneously, their focus is on us-
ing coherent/noncoherent detection [17, 2, 3] or group test-
ing [18] to identify neighbors with high detection ratio and
low false positive ratio, while our focus is on designing ran-
domized algorithms and analyzing their performance. Our
approach does not need signatures and can operate in asyn-
chronous systems.

There are numerous studies on neighbor discovery when
nodes have directional antennas (e.g., [21, 11, 23, 25]). The
focus in these works is on antenna scanning strategies for
efficient neighbor discovery. There have been several recent
proposals on neighbor discovery in cognitive radio networks
(e.g., [15, 4]). They determine the set of neighbors for a node
as well as the channels that can be used to communicate
among neighbors. Our study is in settings different from
the above, viz. we assume omni-directional antennas (or
antenna arrays) and do not consider cognitive radios.

Last, our study also differs from existing studies on MPR
networks: we focus on neighbor discovery while existing
studies focus on other aspects, e.g., MAC protocol design [26,
6], stability [8] and capacity analysis [22].

3. PROBLEM SETTING

Consider a static network with n nodes indexed from 1
to n. Each node has a unique ID (e.g., its MAC address or
geographic location). For ease of analysis, we assume that
these nodes are within the transmission range of each other,
i.e., they form a clique. A similar assumption is also made
in [23, 24, 13]. In Section 4.3, we justify the clique assump-
tion by validating it against simulations of our algorithms
in a multi-hop network setting.

Each node embeds its ID in the messages it transmits to
its neighbors. A node, i, is discovered by another node, j,
if and only if j successfully receives a message from i. Fach
node has an omni-directional antenna (or an antenna array).
The radio at each node is assumed to be half-duplex, i.e.,
a node can either transmit or receive packets, but not both
at the same time. We assume that all nodes have multi-
packet reception capabilities. That is, a node can correctly



receive packets from multiple transmitters simultaneously.
This MPR capability can be provided through smart an-
tenna array techniques such as MIMO, or coding techniques
such as CDMA.

We consider the following two MPR models in this paper:

e MPR-k: In this model, only up to k simultaneous pack-
ets can be decoded successfully at a receiver. The value
of k is fixed and is known beforehand. In practice, it is
determined by the number of orthogonal codes when
using CDMA [26], and is determined by the number
of antennas when using MIMO. Note that SPR is a
special case of MPR-k (i.e., when k = 1).

e Idealized MPR: As a special case of the MPR~k model,
we study the idealized MPR model, where £k = n — 1.
In other words, an arbitrary number of packets are
decodable simultaneously at a receiver. The idealized
MPR model is of practical interest in scenarios where
the number of neighbors is close to the amount of diver-
sity provided by MPR technologies (i.e., the number of
orthogonal codes in CDMA or the number of antennas
in MIMO).

Note that the MPR-k model studied in this paper is a sim-
ple generalization of the well-known collision channel model
studied in the case of SPR networks. We recognize that
the model represents an idealization of real-world conditions,
but our motivation in employing this model is the same as
in the case of the collision channel model, viz. it provides
us with useful insights for designing algorithms and under-
standing (to a first-order approximation) their performance
when deployed in the real world.

4. ALOHA-LIKE NEIGHBOR DISCOVERY
ALGORITHM

In this section, we consider a simple Aloha-like neighbor
discovery algorithm and analyze it under various MPR mod-
els. We start with the simplifying assumptions that all nodes
know the clique size, n. Furthermore, time is divided into
slots, and nodes are synchronized on slot boundaries. These
assumptions will be relaxed later, in Sections 6 and 7.

The algorithm operates as follows. Each node transmits
with probability p and listens with probability 1 — p in each
slot, and this transmission probability does not change over
time. The case where the transmission probability is allowed
to change will be studied in Section 5.

In the following, we first determine the optimal transmis-
sion probability and present an asymptotic analysis of the
Aloha-like neighbor discovery algorithm. We then validate
the clique assumption against simulation results of the algo-
rithm in a multi-hop network setting.

4.1 Optimal transmission probability

Consider two arbitrary nodes, ¢ and j. Let ps denote the
probability that ¢ is discovered by j in a given time slot.
Then ps is the probability that ¢ transmits, j listens, and
there are at most k — 1 other nodes transmitting (k =n —1
in an idealized MPR). Therefore,

k—1
ps =p(1—p) Z (n B 2) p'(l—p) 2 (1)

To minimize the time to discover all neighbors, we need
to choose a p that maximizes ps. Let p* denote this optimal

transmission probability, and let pi denote the correspond-
ing optimal ps. We obtain p* and p} in the following models.

e Idealized MPR: In this model, ps = p(1 — p). There-
fore, p* = 1/2 and p; = 1/4.

e SPR model: In this model, ps = p(1 — p)"~*. There-
1

fore, p* = 1/n and p} =~ —=.
e MPR-k: For a given n and k, we can obtain p* by solv-
ing (1) numerically. It is however non-trivial to ana-
lytically derive a closed-form solution for p* from (1).
In order to obtain analytical insights, we prove that
p* = ak/n, where « is between two constants (see
Theorem 2 in Appendix A). Our numerical results
in Appendix B show that the optimal transmission
probability is close to k/n for small k, and is close

to 2k/(ne) =~ 0.73k/n for relatively large k.

4.2 Asymptotic analysis

Let T be a random variable that denotes the neighbor dis-
covery time, i.e., the time until all n nodes have discovered
their respective neighbors. We next present an asymptotic
analysis of the neighbor discovery time in MPR networks.
In particular, we show that T'= ©(Inn) under the idealized
MPR model, and 7' = ©(%2") under the MPR-k model.

4.2.1 Idealized MPR

Under idealized MPR, p* = 1/2 and p; = 1/4. We show
that we can find two constants, ¢i1 > c2 > 0, such that
Pr(T > cilnn) — 0 wh.p., and Pr(T > c2lnn) — 1 w.h.p.,
thus implying that "= ©(lnn).

We first show that we can find a positive constant ¢; such
that P(T > ci1Inn) — 0 w.h.p.. Consider an arbitrary node,
i. Let T;; denote the time until ¢ discovers a given neighbor
j, j #1i. Then

3 t
PI‘(TZ']' < t) =1- (1 *P:)t =1- (1> .
That is,

Pr(T;; > t) = (1—p)' = G)t. )

Let 31 > 2 be a constant, and let ¢; = ﬁ‘ Then,
3 cilnn 1
Pr(Tiy; > cilnn) = (1> =5 (3)

Let T; denote the time until ¢ discovers all its neighbors.
Then,

Pr(T; > t) =Pr(maxTi; >t) < > Pr(Ti; >t). (4)
! =L
Combining (3) and (4) yields
1
Pr(T; > cilnn) < nPr(Ti; > c1lnn) < oy (5)

Recalling that T is the time until all n nodes have discovered
their respective neighbors, it follows that

Pr(T >1t) = Pr(m?XTi >t) < iPr(Ti > t) (6)

=1



Combining (5) and (6), we obtain

1
Pr(T > cilnn) <nPr(T; > cilnn) < o (7

where the right hand side approaches 0 as n — oo, since
B> 2.

We now prove that we can find another positive constant
c2 such that Pr(T > c2lnn) — 1 w.h.p.. Note that to
finish node discovery by time t, each node must transmit
at least once by time ¢. Let 7 be a random variable that
denotes the time when all the nodes have transmitted at
least once. Then T' > T’. The probability that each node
has transmitted at least once by time ¢ is

(1-@1=-pH)H)" = <1 - (;)t>

Let c2 = B2/In2, 0 < B2 < 1. Then

()

where the right hand side approaches zero as n — oo since
0 < B2 < 1. Therefore, Pr(T" > ca2lnn) — 1 as n — oo.
Since T > T", we have Pr(T > c2Inn) — 1 as n — oo.

_nl—B2
s

n*BZ)’"« S e

4.2.2 MPR-k

In MPR-k, as shown in Theorem 2 in Appendix A, we
represent the optimal transmission probability, p*, as ak/n,
where o € (0,k/n] is a constant. Define ¢ as

= i (n B 2)pi(1 —p)"

That is, ¢ represents the binomial sum term in (1). Then

Using a Poisson distribution with parameter A to approxi-
mate the binomial distribution yields

ki
_ A" A
¢_e Z;F’

i=

where A = ~ ak. Therefore, ¢ can be considered
to be a constant, independent of n. In addition, for small k
and large n, we have 1 — O‘T’“ =~ 1. Therefore,

ak(n—2)

« _ aok

n

Let v = a¢. As described earlier, we can regard v as a
constant, and we have

.k

We next show that we can find constants di > dz, so that
Pr(T > 4nlny 5 0 whp., and Pr(7 > %nkn)y g
w.h.p.. Therefore, T = @("1,;‘"). We now prove the first
statement. Following (2) and (8), we have

Pr(Ty; > t) = (1 - l’“)t.

n

Let 81 > 2 be a constant, and let d; = %1 Then we have

dinlnn

dinlnn _ vk k 1
pe (> i) _ (1) 1

An analysis similar to the one for the idealized MPR case
yields

dinlnn 1
k ) — nﬁl_z' (9)

Pr(T >

It is easy to see that since 51 > 2, the right hand approaches
0 as n — oo.

We now prove the second statement that we can find a
constant d such that Pr(7" > %2I°%) — 1 whp. Asin
the idealized MPR setting, let 7" represent the time when
all the nodes have transmitted at least once. Then T > T".
The probability that each node has transmitted at least once
by time ¢ is

(1-(1-pH)" = <1 (17 C:lk)t)n

Let d2 = B2/, 0 < B2 < 1. Then

donlnn/k\ " _
n

where since 82 < 1, the right hand side approaches zero as
n — oco. Therefore, Pr(T’ > %221y 1 a5 n — co. Since
T > T', we have Pr(T > 2211) 1 as n — oo.

From the above, we conclude that T = @("IE”) w.h.p..
For k = 1, i.e., the SPR case, we recover the ©(nlnn) result
derived in [24]. For values of k approaching n, we recover
the ©(Inn) result derived under the idealized MPR setting.

4.3 Validation of Clique Assumption

We now validate the clique assumption used in our anal-
ysis so far against results obtained using simulation of the
Aloha-like algorithm in a wireless multi-hop network. In
particular, we demonstrate that the clique assumption yields
a very good approximation when using the expected time to
discover neighbors as the metric of interest.

We employ a similar setting as that in [24] for our simu-
lations. In particular, we consider a set of nodes uniformly
distributed in a 2D plane of area 3km x 3km. Each node has
a fixed transmission range of 150m and knows the number
of its neighbors beforehand. We vary the average number of
neighbors per node by varying the number of nodes inside
the area. For instance, when there are 2000 nodes, the av-
erage number of neighbors per node is 16; and when there
are 3056 nodes, the average number of neighbors per node is
24. Since the nodes in a network have different numbers of
neighbors, a meaningful performance metric is the average
time that a node discovers all its neighbors. For each set-
ting, we obtain the empirical results on this metric from 20
simulation runs, and compare it with those from the analy-
sis that are derived as follows. Let T; be a random variable
that denotes the time for an arbitrary node ¢ to discover all
its neighbors. Then

L

E(Tl) = Pl“(T»; Z t)

-
Il

1

I
gk

(1—Pr(T, < t)). (10)

1

-
Il
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Figure 1: Validation of the clique assumption, where
the dashed lines represent the analytical results.
The average neighbor discovery time being plotted
is the average time for an arbitrary node to discover
all its neighbors.

Assume a clique where each node has (n — 1) neighbors.
Assuming that node ¢ discovers its (n — 1) neighbors inde-
pendently (which is reasonable for small k), we have

Pr(Ty < t)=[1—(1—po)']""". (11)

Substituting (11) into (10) yields

L-[1—(1—p) "

-3 <n1> -0 -p)T

_ D™ ()
- STy (12)

NgE

E(T) =

-
Il

1

I
NgE

~
I
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Fig. 1 compares the analytical results from (12) (indicated
using dashed lines) and simulation under the idealized MPR
and MPR-k models (for & = 2,4). In the simulation, the
average number of neighbors is varied from 4 to 49. Cor-
respondingly, in the analysis, for each node, the number
of neighbors is varied from 4 to 49. In each setting, the
results are obtained using the optimal transmission proba-
bility. The 95% confidence intervals for the simulation are
very tight and hence omitted. We observe a close match be-
tween the analytical and simulation results for the MPR-2
and MPR-4 models, indicating that the clique assumption
provides a good approximation and the independence as-
sumption in (11) is reasonable. Under the idealized model,
the error is larger (but below 28%), and the mismatch be-
tween the analysis and simulation is mainly due to the in-
dependence assumption in (11) since our simulation results
under a clique network topology (not plotted) match those
from the multi-hop wireless networks very well.

5. ADAPTIVE ALOHA-LIKE SCHEME

We now consider neighbor discovery under MPR-k models
when a node knows whether its transmission is successful or
not. This information can be obtained based on feedback as
follows [24, 13]. We divide a slot into two sub-slots. Nodes

either transmit or listen in the first sub-slot. If a node listens
in the first sub-slot and can decode the received packets
successfully, then it deterministically sends a signal in the
second sub-slot; otherwise, it is silent. A node that transmits
in the first sub-slot knows its transmission is successful if
and only if it hears a signal (or sensed energy) in the second
sub-slot.

Existing studies [24, 13] have shown that this feedback in-
formation can significantly reduce neighbor discovery time
in SPR networks. Their main idea is that once a node knows
its transmission is successful, it knows that the rest of the
nodes have discovered it, and hence will not transmit any
more in the future time slots; knowing this, the rest of the
nodes increase their transmission probabilities correspond-
ingly, which reduces the neighbor discovery time. This strat-
egy is not applicable to MPR-k models since a node that
transmits successfully is not guaranteed to have been dis-
covered by the rest of the nodes.

In the following, we design an adaptive Aloha-like scheme
that utilizes the feedback information for neighbor discovery
under MPR-k models, and show that it improves the simple
Aloha-like scheme by Inn. The main idea of the scheme is as
follows. We refer to a node that only listens as passive, and
active otherwise. At the beginning, all the nodes are active.
We divide time into phases. Phase ¢ contains W; = ©(7%)
slots, where n,; is the number of active nodes in phase i. In
each phase, we use the simple Aloha-like scheme for neighbor
discovery where each active node transmits with probability
p; in phase 7. At the end of a phase, all successful nodes, i.e.,
nodes that have transmitted successfully at least three times
in the phase, become passive (since the probability that a
successful node has been discovered by all its neighbors is
in the order of 1 — %, close to 1 for relatively large n). We
can show that when W, and p; are chosen properly, at least
half of the active nodes in a phase will become passive at
the end of the phase. Therefore, the next phase has at most
half as many active nodes, and each of them transmits with
a higher probability than that in the previous phase. We
continue the phases until there are at most - active nodes
left. At that point of time, we run the simple Aloha-like
scheme where the remaining active nodes transmit and the
passive nodes listen until neighbor discovery terminates.

In the above scheme, the number of active nodes in phase
i, n; < 57=1. Let m denote the number of phases. Since
each phase reduces the number of active nodes by at least a
half, and the phases stop when there are at most - active
nodes, we have m < log, Inn, and the total run time of the

phases is
“ n 2n
>-0(m=) =0 (%)

Following our asymptotic results in Section 4.2.2, the run
time of the last part (i.e., running the simple Aloha-like
scheme until neighbor discovery terminates) is

n n n
O(r—m ) =0 (1).

klnn | Inn k
Therefore, the neighbor discovery time using this scheme is
T = 0(27")7 yielding a Inn improvement over the simple

Aloha-like scheme.

We now prove that in each phase i, when choosing W; and
p; properly, at least half of the active nodes are successful

at the end of the phase w.h.p., as stated in the following



theorem.

THEOREM 1. Let S; denote the set of successful nodes at
the end of phase i. When k > 3, let W; = nn;/(k — 2) with
n > 115 and p; = (k — 2)/n;; when k = 2, let W; = nn; /2
with n > 85 and p; = 1/n;. We then have for Vk > 2,

Pr[|S;| < ni/2] < e "i/F.

PRrROOF. Since all the phases are similar, it is sufficient
to prove the above for phase 1; proof for the rest of the
phases are similar. For ease of exposition, in the following,
we drop the subscript that represents the index of a phase,
and simply prove the following. Let S denote the set of
successful nodes at the end of phase 1, and let W denote the
number of slots in phase 1. When k > 3, let W = nn/(k—2)
with # > 83 and the transmission probability p = (k —2)/n;
when k = 2, let W = nn/2 with n > 85 and p = 1/n. We
then have Vk > 2,

Pr[|S| < n/2] < e ™/*.

We first prove the results for & > 3. Let X}, for 1 <
t < W,1 <1i < n, bea family of i.i.d. indicator random
variables, each with expectation F[X}] = p. We refer to the
variables X{,..., X} as those in slot t, and say that t is a
good slot if no more than k of the variables take the value
1. For each pair t,4, we define

yt A X! if tis a good slot,
! 0 otherwise.

Setting p = (k — 2)/n note that, for each ¢, E[>, X}] =

k—2. The random variable >, X/ is binomially distributed;

it follows that the mean and median are separated by no
more than In(2) ~ .69 < 1 (see [9]) and thus, for each ¢,

Pr[ZXf >k — 1] <1/2.

We conclude that
Pr[t is a good slot] > 1/2,

p
Pr[y; = 1] = Pr[X! = 1] - Pr[ZX;? <k-— 1] =2 ()
J#i
We now want to show that with high probability
Svizs
t
for at least half of the i. Now, for each i,t define
P = min(S, ZYJ') S*={i| P! =3},
t'<t
and P' = > P}. For convenience, we additionally define

PY = 0 and S = S. Reformulating our goal above, we

wish to show that for sufficiently large W, Pr[|S™| < n/2] <
—n/k
e .

Observe that P' > 5n = [S*| > n/2 so we will focus on
establishing that, for sufficiently large W,

Pr[PV < 5n/2] < e "/k.
To this end, define

Pt — Pt i 1S < n/2,
Zy = . t—1
k if |57 > n/2.

Let Z = 31", Z;. Hence Z = P — P = P". Note that
if Z > 5n/2 it follows that |S™| > n/2, the event we wish
to lower bound. Observe also that

ElZ: Y], s <]
depends only on |S*7!|, the number of “saturated” vertices

(i.e., those that have already transmitted three times suc-
cessfully) for ¢ — 1, and when |S*™!| < n/2 we have

> Y

E[Z | Y, s <]

igSt—1
> (n—[5"")-p/2
> (k—2)/4;

of course, when |S*™™!| > n/2 we have
ElZ, | Y, s<t]=k.

In any case, F[Z: | Y®,s < t] > (k — 2)/4. In preparation
for application of Azuma’s inequality (Theorem 4.16, [20]),
define

Zy = E[Z | X{,s <]
and observe that E[Zt | thl] = Z,_1 so the sequence forms
a martingale. Additionally,
Zo=E[Z) >W(k—2)/4 and |Z; — Zi—1| < k,for all t.
(The second of these two claims follows from the fact that if
two assignments to the X/ differ only among the {X;} for
a particular s, the value of Z can change by no more than
k. See [1, §7.4] for a detailed treatment.)

Applying Azuma’s inequality to the random variables Z;
with W = nn/(k — 2), we have

Pr[|SY| < n/2] < Pr[Z < 5n/2] = Pr[Z" < 5n/2].
As E[ZW] = B[Z] > W (k — 2)/4 = nn/4, we have

Pr(Z" <5n/2] < Pr [ZW < E[ZV] - M]

4
2 2
n?(n — 10)°(k - 2)
< — .
= o ( 32nnk?
When k = 3, this expression is no more than e~™/* when

n > 115. When k > 4, we have k/2 < (k — 2) and this is no

more than
n(n —10)
exp ( Gk .
Setting 77 > 83, (n — 10)> > 647 and this expression is no
more than e~ ™/*.
We now prove the results for £ = 2. The proof is similar
as that for £ > 3. However, instead of (13), we have

Prlyy =1] = pl(1-p)" '+ (nl 1)17(1 —p)" 7
= 2a-
> 2 _ 2%

Following similar steps as those for £ > 3, we have when
W = nn/2 with n > 85,

Pr[|SY| < n/2] < Pr[Z" < 5n/2) < e ™/
O



6. UNKNOWN NUMBER OF NEIGHBORS

So far, we have assumed that each node knows n, and
hence the number of its neighbors. We now describe how
the simple and adaptive Aloha-like schemes can be extended
to handle the scenario where this information is not known
a priori. Our schemes are similar in spirit to the algorithm
proposed in [24] for the case of SPR networks. The main
idea is to double the estimate for n until a stopping rule is
satisfied. We next describe these schemes in more detail.

6.1 Aloha-like scheme

The algorithm runs in stages. In stage ¢, each node as-
sumes that there are 2¢ neighbors and runs the simple Aloha-
like scheme for a duration of W; slots with the optimal trans-
mission probability determined by optimizing (1) assuming
n = 2°. We choose W; so that all nodes discover their respec-
tive neighbors w.h.p. in stage ¢. Based on our asymptotic
analysis in Section 4.2, we choose W; = ¢11n 2% under ide-
alized MPR and W; = d;2"In2°/k under MPR-k, where ¢,
and d; are constants, defined in Sections 4.2.1 and 4.2.2, re-
spectively. Each node records the number of neighbors that
it discovers in stage i, denoted as N;, and decides to ter-
minate the neighbor discovery process in stage i + 1 if the
stopping rule

N; > 2P AN, <2 (14)

is satisfied.

With our choice of W;, a node can correctly terminate at
the end of stage [log, n] + 1 and discovers all its neighbors
w.h.p. This is because under this choice of W;, we have
N[log‘Q n] =N > 2[10g2 -t and N]’logQ n]+1 = N < 2[10g2 n
w.h.p., which satisfies the stopping rule at the end of stage
[log,n] + 1.

We apply the above scheme to the idealized MPR and
MPR-k (k = 2 and 8) models when the number of neighbors
is 5, 10, 20, 50, 100 or 200. For each setting, we repeat the
simulation 100 times. We find that indeed all nodes find
their respective neighbors.

We next briefly describe the total neighbor discovery time
of the above scheme. Under idealized MPR, the neighbor
discovery time is

[loga n]

Z c11n2" = O(log, nlnn).

i=1
Under MPR-k, the neighbor discovery time is

[logs m]

d12¢1n 2¢ nlnn
—_— =2 .
> BZRE _ge (M)

i=1

From the above, we observe that not knowing n leads to at
most a log, n factor slowdown under idealized MPR, and a
factor of two slowdown under MPR-k.

6.2 Adaptive Aloha-like scheme

We now extend the adaptive Aloha-like scheme that we
designed for MPR-k to the case where we do not have an
estimate of n. Our extension is similar to that for the simple
Aloha-like scheme. More specifically, the scheme runs in
stages doubling the estimate for n after each stage. In the ith
stage, we assume there are 2° neighbors and run the adaptive
Aloha-like scheme as described in Section 5. Therefore, each
stage contains multiple phases with the total run time being

O(%) We continue the stages until the stopping rule (14)
is satisfied. Similar to the extension to the simple Aloha-like
scheme, the neighbor discovery stops in stage [log, n] + 1.
We then have a total run time that equals

[logy n] i
2.2¢ 4n
> o(5) o (%)

=1

Again, we observe not knowing n leads to a factor of two
slowdown.

7. ASYNCHRONOUS TRANSMISSIONS

We now consider the scenarios where nodes transmit asyn-
chronously. In particular, we consider the following asyn-
chronous slotted model. We assume each node transmits
with probability p at the beginning of a slot, the length of
a slot equals transmission duration, 7, and the slots of the
nodes are not aligned. Consider two arbitrary nodes, i and j.
Suppose i transmits at time ¢t. Let ps denote the probability
that ¢ is discovered by j. Since the slots of the nodes are not
synchronized, to hear from ¢, j cannot transmit in the two
adjacent slots that overlap with the interval [¢,¢ + 7]. The
probability of this event is (1 — p)?. Consider another node
l. It does not have a concurrent transmission with node 7 if
it does not transmit in either of the two adjacent slots that
overlap with the interval [t, ¢+ 7]. Therefore, the probability
of no concurrent transmission with node 4 is (1 — p)?, and
the probability of concurrent transmission is 1 — (1 — p)2.
For ease of notation, let ¢ = (1 — p)*>. We then have (again
k = n — 1 under idealized MPR)

ps = pqi <n . 2) (1-q)'q" " (15)
=0

We obtain the optimal transmission probability, p*, and op-
timal p} in the following models.

e Idealized MPR: in this model, We have p, = (1 —p)?p.
Hence p* = 1/3, and p} = 4/27.
e SPR model: in this model, we have p, = pg" ™! =

p(1—p)®" 2. Therefore, we have p* = 1/(2n—1) ~ 5,
1
2ne”

and p; ~

e MPR-k: In this model, we can obtain p* by solving
(15) numerically. To provide insights, similar to the
synchronous transmission case in Section 4, we show
that p* = v¥k/n, where ¢ is between two constants
(detailed statement and proof are omitted). Our nu-
merical results indicate that the optimal transmission
probability is approximately k/(ne), half as that of
the synchronized case, for relatively large k, and larger
than k/(ne) for small k (figures omitted).

Since the optimal transmission probability under the asyn-
chronous model is approximately half as that in the syn-
chronous model, we have similar asymptotic bounds as those
in the synchronous model. Extending the adaptive Aloha-
like scheme to this asynchronous model is straightforward.
We can further extend the schemes when n is unknown to
this asynchronous model by requiring each node to embed
its stage number in the messages. For all the cases, the asyn-
chronous model leads to a factor of two slowdown compared
to the synchronous model.



8. CONCLUSIONS AND FUTURE WORK

In this paper, we designed and analyzed randomized algo-
rithms for neighbor discovery under various MPR models.
We started with a simple Aloha-like algorithm that assumes
synchronous node transmissions and a priori knowledge of
the number of neighbors. We showed that the total neighbor
discovery time for this algorithm is ©(Inn) under the ide-
alized MPR model, and ©(™2) under the MPR-k model.
We further designed an adaptive Aloha-like algorithm for
the case when a node knows whether its transmission is suc-
cessful or not (e.g., based on feedbacks from other nodes),
and showed that it provides a Inm improvement over the
simple Aloha-like scheme. Last, we extended our schemes
to accomodate a number of practical scenarios such as when
the number of neighbors is not known beforehand and the
nodes are allowed to transmit asynchronously, and analyze
the performance of our algorithms in each of these cases.

As future work, we are pursuing two interesting directions:
(1) extend our study to more generalized MPR models, and
(2) investigate neighbor discovery in multi-hop MPR net-
works.
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APPENDIX
A. OPTIMAL TRANSMISSION PROBABIL-
ITY FOR MPR-x MODEL

We next state and prove a theorem on the optimal trans-
mission probability for the MPR-k model in Section 4.

THEOREM 2. Under the simple Aloha-like algorithm, as-
suming the number of neighbors is known beforehand and
synchronous transmission, for the MPR-k model, the op-
timal transmission probability p* = ak/n, where (i) a €
(0.09,3.55) for k > 4, (i) o € (0.07,6.38) for k = 2, and
(ii) a € (0.11,4.17) for k = 3.

Proor. We prove the above theorem by considering three
cases: k > 4, k =2, and k = 3. In each case, we first derive a
lower bound on the optimal p;, and then derive the constants
stated in the theorem. Since we are considering the MPR-k
case, we have n > k+ 2. Let X = X7 + -+ 4+ X,,_2, where
X; = 1 when node ¢ transmits, and X; = 0 otherwise. Then
X follows a Binomial distribution, and (1) can be rewritten
as

ps =p(l —p)Pr(X < k). (16)

e Case 1 (k > 4). We first derive a lower bound on pj,
denoted by p;, by taking p = (k — 3)/(n — 2). The
mean of the Binomial random variable, X, is (n—2)p =
k — 3. Since the mean and the median are at most In 2
apart [9], the median is in [k —3 —In2,k — 3 + In2].
Since k —1 > k — 3+ In2, we have Pr(X < k) > 1/2.
Since n > k + 2, we have

n—2" k k
Therefore,
3
1—-p>—.
=75

Summarizing the above, we obtain a lower bound

._ k=3 3 1_ 3(k-3)
B =9k 27 2k(n—2)

(17)

Note that p; < p* = ak/n. We have a contradiction,
ps < ak/n < p;, when

Since k > 4, we have

3(k —3)n 3(k—3) 3
> — =~ 0.09.
2k(n — 2)k - 2k2 - 32 0-09

Therefore, we need o > 0.09.
On the other hand, note that

pi < %k Pr(X < k),

and using the bound of Binomial distribution (Theorem
A.1.13 in [20]), we have

Pr(X <k) < e (nm2p" =R 2(n=2p7
o (TR 2

_ (ak—k)2
= e 2ak

k(a—1)2
= e = 2a

Hence,

. ak _k(e-1?2
ps < —e 2,
n

‘We next derive the condition under which

afke,w< 3(k—3)7
n ~ 2k(n—2)

that is, the condition under which

3(k—3)n
= 2k(n — 2)k’

k(a—1)2
- 2o

ae (19)

In (19), the left hand side is a decreasing function of k,
a— )2
and hence the maximum value is ae™ e . On the

other hand, as described earlier, the right hand side

is larger than 0.09. We have 0567% < 0.09 when
a > 3.55. That is, when a > 3.55, the inequality in
(19) is satisfied, leading to p* < p3, a contradiction.
Hence, we need o < 3.55. In summary, we have shown
that o must lie in (0.09, 3.55) when k > 4.

e Case 2 (k= 2). Taking p = 1/(n — 2) yields

bs = ni2(1_ni2)n_2(1_ni2)
SR e i
2 ni2(1_ni2)6_2 niQe_Q
= ¢ niQ(liﬁJrl)
o 1 1
2 e Qn—QZeQ(n—Q).
Therefore, we derive a lower bound p; as
@:ﬁ. (20)

Note that p; < p* = ak/n = 2a/n. We have a contra-
diction, p; < 2a/n < p;, when

n 1
< —_—.
O[*1172262




Since 0.12

w11 s —— | A
1 .1 : ki(25%¢) -
> ~ 0.
n—22e2 — 22 0.07, 8 017 n=100 -
5 KI(50%€) -wronee
we need o > 0.07. S o008}
On the other hand, similar to the case where k > 4, we 2
have (18). We next derive the condition under which 5 0.06 | X)
g
k(a—1)2 (a—1)2 = | »'
&ke*T — QEC*T < _ , g 004 e o
n n ~ e2(n—2) E ¥ X
. . . S 0.02(7 Lt
that is, the condition under which © X
_(a=1)? 1 n 0

e 2e2n —2°
The right hand side is larger than 0.07, while the left
hand side is less than 0.07 when « > 6.38. Therefore,

~ 0 Figure 2: Numerical results: optimal transmission
a > 6.38 leads to p; < pg, a contradiction. Therefore,

probability versus £ when n = 50 or 100 under the
we need a < 6.38. In summary, we have shown that a MPR-k model in Section 4. The two dashed lines
must lie in (0.07,6.38) when k = 2. represent 2k/(ne).

e Case 3 (k =3). Taking p = 1/(n — 3) yields

b= Lo Loesg 1o B. NUMERICAL RESULTS
n—3 n—3 n—3 . . .
1 1 3 We next present numerical results on the optimal trans-
n—2 1— n=3(1 _ mission probability under the MPR-~k model in Section 4.
+ (n—-2) 3 ( )" )
(n—3) n—3 n—3 Fig. 2 plots the optimal transmission probabilities under
n—2 1 3 \n-3 MPR-k as k increases from 2 to 8 when the clique size, n,
+ (1- )
2 (n—3)2 n—3 is 50 and 100. We observe that the optimal transmission
S 2 1 (1 1 )2 probability is approximately a linear function of k/n. Fur-
e — . o .
= n—3 n_3 thermore, for relatively large k, it is approximately 2k/(ne);
and for small k, it is larger than 2k/(ne). Numerical results
ol n—2 1 n—2 1
+ e 3 7(1— 3) + 5 e under other settings of n and k reveal a similar trend (fig-
5 (nlg ) ne (n—3) ures omitted). This trend is consistent with Theorem 2 in
_ n- Appendix A.
T 2e2(n—3)2°

Therefore, we derive a lower bound pj; as

. 5n — 18

Pi= 5eatn -3y &0

Note that p; < p* = ak/n = 3a/n. We have a contra-

diction, p; < 3a/n < p; when a < n(5n—18)

m . Since

n(5n — 18) 5
— = > —— (.11
6e2(n —3)% ~ 6e? ’
we need o > 0.11.
On the other hand, similar to the case where k > 4, we
have (18). We next derive the condition under which
ak ,MEJ 3a ,3%%;”2 5n — 18

< — =— * < oo
P n © n ¢ 2e%(n — 3)?

that is, the condition under which

_8a—1?  p(5n — 18)
2ac _—
6e2(n — 3)2

The right hand side is larger than 0.11, while the left
hand side is less than 0.11 when o > 4.17. Therefore,
a > 4.17 leads to p; < ps, a contradiction. Therefore,
we need a < 4.17. In summary, we have shown that «
must lie in (0.11,4.17) when k = 3.

ae

Summarizing the above three cases, we have finished the
proof. []



