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ABSTRACT

General Terms

Neighbor discovery is a fundamental problem in wireless
networks. In this paper, we study asynchronous neighbor
discovery between duty-cycled mobile devices. Each node
is duty-cycled, i.e., its radio may only be active for a small
fraction of the time. The duty cycles of the nodes can be
the same or different, leading to symmetric or asymmetric
cases of the neighbor discovery problem. In addition, the
setting is asynchronous, i.e., clocks of different nodes may
not be synchronized. Most existing studies assume an integer
model (where time proceeds in discrete steps); two recent
studies break away from this assumption, which allows them
to develop significantly more efficient schemes. Our study
improves the state-of-the-art in three main fronts. Firstly,
we develop a generalized non-integer model (where time is
continuous) that permits unified treatment of the assumptions in existing studies. We also provide a reduction that
transforms any schedule in the basic integer model to a corresponding schedule in the generalized non-integer model while
improving the performance by a factor of two. Applying this
reduction, an optimal schedule in the integer model becomes
an optimal schedule in the non-integer model. Thirdly, we
establish a new family of lower bounds for the best achievable latency guarantee in the non-integer model. They are
applicable to both symmetric and asymmetric settings, and
encompass the lower bounds for the integer model as special cases. Finally, we develop a novel optimal construction
based on Sidon sets for the symmetric setting. Our approach
differs from the approaches taken by all existing studies, and
provides a new direction for constructing neighbor discovery
schedules.
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1.

INTRODUCTION

Neighbor discovery is a fundamental problem in wireless
networks. Specifically, the proliferation of mobile devices,
e.g., smartphones, PDAs, and sensors, has fueled many
novel applications that utilize opportunistic localized deviceto-device communication, including mobile social networking [14, 22, 18, 19], proximity-based services [1, 26], media
sharing [16], traffic uploading [6], asset management [20],
emergency rescue [8], tracking encountering pattern of migrating animals [13], and many more. These applications
require mobile devices to rendezvous as they move into each
other’s transmission range. On the other hand, limited battery sources often mandate these devices to be duty-cycled,
making them unable to discover other nodes while being
asleep. In addition, in practice, nodes typically have no
means of coordination (e.g., through a shared server or dedicated control channel), their clocks may not be synchronized,
and they cannot act depending on individual “identities”
(since the identities are not known before rendezvous).
We broadly refer to the above problem as asynchronous
neighbor discovery on duty-cycled mobile devices. The duty
cycles of the nodes can be the same or different, resulting in
symmetric or asymmetric neighbor discovery, respectively. In
such settings, it is possible to construct simple and powerful
randomized algorithms (e.g., [15]); however, these schemes
do not provide a bound on worst-case discovery latency and—
rather remarkably—deterministic schemes can achieve better
performance, even when compared with the “average case”
performance of randomized algorithms. In this paper, we
focus on deterministic algorithms, where the schedules of
the nodes are determined beforehand and the worst-case
discovery latency is bounded.
Most existing studies [5, 9, 11, 24, 7] develop integer
schedules where time proceeds in discrete slots of length ∆,
and a node is either awake for an entire slot or asleep for
an entire slot. Two recent studies [3, 17] break away from
integer schedules by allowing “overflow” of active slots (i.e.,
an active slot is slightly lengthened to intersect the previous
or subsequent slot), and demonstrate that the slight overflow
can provide significant improvement.

In this paper, we improve the state-of-the-art on three main
fronts: (i) we develop a generalized non-integer model that
permits unified treatment of existing studies, and demonstrate that any integer schedule can be converted into a
non-integer schedule while improving the performance by a
factor of two, (ii) we derive a family of lower bounds in the
generalized non-integer model, and (iii) we develop a novel
optimal construction for the symmetric setting.
Our main contributions are as follows:
• We develop a generalized non-integer model motivated
by the observation that the integer model needlessly
constrains switching to occur on integer boundaries and,
additionally, does not reflect an important constraint
that arises in practice. In our proposed non-integer
model, time is continuous: nodes may become active
or inactive at any point in time, subject to a few constraints. In addition to switching latency ∆, we also
introduce a required meeting time δ: to discover one
another, two nodes must be simultaneously awake for a
continuous interval of duration at least δ. This generalized non-integer model permits unified treatment of the
assumptions in existing studies: the basic integer model
used in most existing studies arises as when δ = ∆/2;
the model of [3, 17] arises when δ  ∆.
• We provide a general reduction that can transform any
schedule in the basic integer model to a corresponding
schedule in the generalized non-integer model. The
reduction reduces the duty cycles of the nodes by a
factor of two while preserving the discovery latency.
Applying this reduction, an optimal schedule in the
integer model becomes an optimal schedule in the noninteger model.
• We derive a family of lower bounds on the best achievable latency guarantees in the non-integer model (they
reduce to lower bounds for the integer model when
δ = ∆/2). These are the first lower bounds that are
characterized by both ∆ and δ, and the first lower
bounds that are applicable to both symmetric and
asymmetric settings. The two existing lower bounds
derived in [30] and [17] are only for the symmetric
setting; they are special cases of our lower bounds by
taking ∆ = 1, δ = ∆/2 ([30]) and δ  ∆ ([17]).
• We propose a novel optimal construction based on the
theory of Sidon sets for the symmetric setting. All
existing optimal schemes [30, 11, 17] are based on
Singer difference sets. Our construction uses a different
approach, and provides a new direction for constructing
neighbor discovery schedules.
Our optimal scheme based on Sidon sets is directly applicable in practice (in fact, we have implemented it on
smartphones). The non-integer schedules are particularly
important for mobile devices with δ  ∆ (e.g., current
smartphones where ∆ is one or two seconds while δ is in
milliseconds) since they require significantly lower duty cycle for the same discovery latency (or lead to much faster
discovery under the same duty cycle) compared to integer
schedules. Using our reduction, all integer schedules in the
literature can be directly converted into their corresponding
non-integer schedules.
The rest of the paper is organized as follows. Section 2
briefly describes related work. Section 3 introduces the noninteger model and proposes a general reduction to transform
any schedule in the integer model to a schedule in the noninteger model. Section 4 presents a family of lower bounds

for the non-integer model. Section 5 presents the Sidon sets
construction. Finally, Section 6 concludes the paper and
describes future work.

2.

RELATED WORK

Neighbor discovery has been studied extensively in the
literature (e.g., [15, 4, 10, 25]). In the following, we only
briefly review the studies that are closest to ours, specifically,
those that develop deterministic schedules for asynchronous
neighbor discovery on duty-cycled mobile devices.
Most existing studies develop integer schedules. Zheng
et al. [30] derive a lower bound for the symmetric setting,
and show the existence of optimal schedules through Singer
difference sets [21]. Lai et al. [11] expand the idea of cyclic
quorum systems [24, 7], and propose a scheme, CQS-pair,
that is also based on Singer difference sets. The construction
for CQS-pair, however, takes exponential time, and hence is
only practical for very large duty cycles. The general lower
bound derived in our study encompasses the lower bound
in [30] as a special case. We also provide a polynomial-time
construction for Singer difference set based on the existence
proof in [21]. In addition, we propose a novel optimal scheme
based on Sidon sets for the symmetric setting; it is the first
optimal scheme that does not rely on Singer difference sets.
Two other existing integer schedules are Disco [5] and
U-connect [9]. In Disco, for duty cycle d, a node selects two
different primes p1 , p2 so that 1/p1 + 1/p2 ≈ d and wakes up
in the slots that are multiples of p1 or p2 . Suppose node i
has duty cycle di and chooses two primes, pi1 < pi2 , such
that 1/pi1 + 1/pi2 ≈ di , i = 1, 2. Then by virtue of the
Chinese Remainder Theorem, the two nodes can discover
each other with the worst-case discovery latency of p11 p21 ,
which is on the order of c/(d1 d2 ), c being a constant. In
U-Connect, a node uses a single prime, p. It wakes up in the
first (p + 1)/2 slots as well as the slots that are multiples
of p in every p2 slots. For duty cycle d, the prime, p, is
chosen so that (3p + 1)/(2p2 ) ≤ d. Suppose node i has duty
cycle di and chooses a prime pi , i = 1, 2. Then the two
nodes can discover each other with the worst-case latency of
1/(p1 p2 ) ≈ 2.25/(d1 d2 ). Both Disco and U-Connect provide
integer schedules that are applicable to both symmetric and
asymmetric settings. We propose a general reduction that
can convert these integer schedules to their corresponding
non-integer schedules while reducing the worst-case discovery
latency by a factor of two.
The first study that breaks away from integer schedules
is [3]. Specifically, Bakht et al. design a simple probing
based approach, Searchlight, by leveraging the constant offset
between periodic awake slots. The authors propose both
integer and non-integer variants of Searchlight, and show
that the non-integer variant significantly outperforms the
integer variant. In our study, we propose a generalized noninteger model that encompasses the assumptions in [3] and
provide a reduction that transforms any integer schedule
to a corresponding non-integer schedule. This reduction
can transform the integer variant of Searchlight to a noninteger version, and achieves the same performance as the
non-integer variant of Searchlight (see Section 3.4).
A recent study [17] adopts the same non-integer assumption in [3]. The authors derive a new lower bound for the
symmetric setting as well as an optimal scheme, Diff-Codes,
that is based on Singer difference sets (they also provide a
greedy heuristic technique to deal with the cases when prime
numbers are sparse, which leads to sub-optimal schedules
for those cases). The general lower bound that we derive
is applicable to both symmetric and asymmetric settings,

encompassing the lower in bound [17] as a special case. In addition, applying our reduction to an optimal integer schedule
based on Singer difference sets leads to a family of optimal
non-integer schedules for the symmetric setting; Diff-Codes
(the optimal schedules that are based on Singer difference
sets) is a special instance. In addition, we also develop a
novel optimal scheme based on Sidon sets; the first optimal
scheme that does not use Singer difference sets.
As other related work, the studies in [28, 27] propose
schemes that are based upon an existing asynchronous neighbor discovery scheme to further reduce energy consumption. Two recent studies [29, 12] propose neighbor discovery
schemes on mobile duty-cycled devices. Both of them however
require clock synchronization, and hence are not applicable
to asynchronous settings.

3.

INTEGER AND NON-INTEGER MODELS

In this section, we briefly describe the integer model that
is adopted by most existing studies. We then present an
intersection property that holds for any valid schedule in the
integer model and use it to motivate the definition of the
generalized non-integer model. We then establish a general
reduction that transforms any schedule in the integer model
to a corresponding schedule in the non-integer model; the reduction reduces duty cycle by a factor of two while preserving
the discovery latency.

3.1

w
overlap by a complete slot
(1) w is a multiple of slot length

w
r
r’ overlap by r and r’
(2) w is not a multiple of slot length

Figure 1: Illustration of the intersection property in
the basic integer model.
Consider the circumstances where the nodes A1 and A2
come into each other’s range at the moment when A1 ’s clock
reads t1 and A2 ’s clock reads t2 . The time to discovery for
these particular shifts is then given by the smallest t for
which both nodes are awake: t1 + t ∈ S1 and t2 + t ∈ S2 . We
write this quantity as
L(S1 , S2 ; t1 , t2 ) = min{t | t1 + t ∈ S1 and t2 + t ∈ S2 } .
For two schedules S1 and S2 , then, this motivates the following definition of discovery latency, the worst case time to
discovery taken over all shifts:

Integer Model

In this model, time is discretized into slots of width ∆,
a hardware-dependent parameter that we refer to as the
switching interval. Specifically, ∆ is the time required by
nodes to change their states (from asleep to awake and vice
versa). On certain mobile devices, ∆ may be on the order
of milliseconds [5, 9] or even a fraction of a millisecond [20],
while it can be over a second for other mobile devices (e.g.,
∆ is one or two seconds on current smartphones due to
limitation of the hardware [3]).
A schedule may then be described by calling for a node
to be awake during some of these slots and asleep during
the others. Indexing the slots with the natural numbers
0, 1, 2, . . ., a schedule is simply determined by a subset S
of N; such a schedule we call an integer schedule. We shall
typically constrain nodes to adopt schedules with bounded
duty cycles: they must be awake for no more than a bounded
fraction of the time. Formally, we say that an integer schedule
S ⊂ {0, 1, . . .} has duty cycle d if there is an infinite sequence
of times τ1 < τ2 < · · · so that
|S ∩ {0, 1, . . . , τi − 1}|
≤ d.
τi
Consider two nodes, A1 and A2 , each with a fixed duty
cycle, denoted di < 1. We may determine the behavior of
these nodes by associating with each of them an integer
schedule Si ⊂ {0, 1, 2, . . .} meeting the duty cycle constraint;
then the node Ai is awake only during those slots indexed by
the schedule Si . In general, we do not assume that the clocks
of the two nodes are synchronized and so must entertain
the possibility of arbitrary (even non-integer) shifts of the
nodes’ schedules. For this reason, it is convenient to treat the
schedules Si as subsets of the real numbers R in the obvious
way: associate the integer s with the interval [s∆, (s + 1)∆).
(We use the notation [a, b) to denote the “half open” interval
{x | a ≤ x < b}.) Then, for the integer schedule S we define
[

S∆ =
s∆, (s + 1)∆ ⊂ R.
s∈S

L(S1 , S2 ) = max L(S1 , S2 ; t1 , t2 ) .
t1 ,t2 >0

We remark that—in general—this quantity may not even
be well-defined (that is, there may be shifts for which the
schedules never overlap). The basic problem is to construct
schedules Si , satisfying the duty-cycle constraints, that minimize the discovery latency L(S1 , S2 ).
Periodic schedules. One natural way to define an integer
schedule is to fix a finite-length schedule and periodically repeat this sequence. More specifically, fixing a subset Š ⊂ Zn
of the integers modulo n, one can define an integer schedule
S = {z | z mod n ∈ Š} ⊂ Z. One advantage of schedules S
defined in this way is that their duty cycle can be determined
as the simple ratio |Š|/n. As a matter of notation, we blur
the distinction between Š and S, referring to the finite set Š
as a schedule.

3.2

Motivation for Non-Integer Model

We next show any valid schedule in the basic integer model
has the following property:
Property 1. Consider two nodes using a schedule in the
basic integer model for neighbor discovery. Suppose the schedule guarantees discovery in time n. Let w denote the relative
time shift of the two nodes. Then, for any w, we find one of
two possible cases:
• The shift w is an integer, and there exists an entire
time slot during which both nodes are awake.
• The shift w is non-integral, and there exist two time
periods (among the first n) during which both nodes are
awake; furthermore, the durations of these time periods,
r and r0 , sum to ∆. Hence either r or r0 is longer than
∆/2.
This property is illustrated in Fig. 1. The first case in the
above property is straightforward. We therefore only describe
why the second property holds. For ease of exposition, we

assume ∆ = 1 (when ∆ 6= 1, we just need to divide time
by ∆ and the explanation below applies similarly). Since w
is non-integral, consider w as a fractional number between
two integers z and z + 1. We shall show that the schedules
of the two nodes, denoted as S1 and S2 , have (at least)
two overlaps, one of which has length w − z and the other
has length z + 1 − w. We know that if S2 started at z,
then there would be a complete time slot (say s1 in the
schedule of S2 ) so that S1 and S2 overlap. Since now S2
starts at w, they will just overlap for part of s1 which has
length (1 − (w − z) = z + 1 − w. Similarly, if S2 started at
z + 1, there would be a complete time slot (say s2 in the
schedule of S2 which is different from s1 ) that S1 and S2
overlapped. Since the real case is to shift S2 to the left by
length z + 1 − w, the overlap is actually part of s2 that is
with length 1 − (z + 1 − w) = w − z. It is clear that the sum
of the two overlapping portions is one, and one of them has
length at least half, as desired.
The above property prompts us to define a further hardwaredependent parameter, the required meeting time δ > 0: This
is the minimum amount of time required by two devices to
discover each other when they are both active. The basic
integer model implicitly assumes that δ = ∆/2. While this
assumption is reasonable for some wireless devices that have
compatible δ and ∆ (e.g., both in a few milliseconds or less
than one millisecond [5, 9, 20]), it can be quite pessimistic
for other wireless devices where δ  ∆/2 (for instance, ∆
is one or two seconds while δ is in milliseconds on current
smartphones [3]). We therefore propose a generalized model
that considers both δ and ∆. This model provides a unified
setting that accommodates the characteristics of a diverse
range of wireless devices. It meaningfully considers continuous time, which is less restrictive than the integer model.
When δ = ∆/2, it reduces to the basic integer model. In the
rest of the paper, we assume δ ≤ ∆/2.

3.3

Non-Integer Model

Fix ∆ and δ as above. As we have relaxed the assumption
that schedules adhere to integer boundaries, we may consider
arbitrary schedules of the form S ⊂ R; we assume, however,
that each
S schedule S consists of a set of disjoint intervals,
S = ` [a` , b` ), and that each b` − a` ≥ ∆ so that the
schedule satisfies the ∆ switching constraint. We refer to
such schedules as non-integer schedules. The quantity δ
then determines the discovery time as follows. Consider a
pair of schedules Si and a pair of shifts t1 , t2 ≥ 0 (i = 1, 2).
For these two shifts, we define the time to discovery to be
the smallest time at which the two schedules overlap at an
interval of width at least δ:


[t + t1 − δ, t + t1 ) ⊂ S1 and
L(S1 , S2 ; t1 , t2 ) = min t
.
[t + t2 − δ, t + t2 ) ⊂ S2
As above, we define the discovery time for such a pair of
schedules to be the worst case over all shifts:
L(S1 , S2 ) = min L(S1 , S2 ; t1 , t2 ) .
t1 ,t2 ≥0

As above we may consider periodic schedules. Specifically, if the schedule S repeats with period n ∈ R it can
be represented as a subset Š ⊂ [0, n). We say that such
a periodic
P schedule has duty cycle d if |Š|/n ≤ d, where
|Š| = ` (b` − a` ). As above, we notationally blur the distiction between S and the “finite length” schedule Š, which
describes one “period” of S. Again the goal is, given duty
cycles di , to design periodic schedules Si ⊂ [0, ni ) (so that Si
has period ni ), that minimize the resulting discovery latency.

Original schedule

2Δ
New schedule
(Δ-δ)/2

(Δ-δ)/2

wakeup sleep

Figure 2: Illustration of the reduction that converts
an integer schedule to a corresponding non-integer
schedule.

3.4

General Reduction from Integer Schedules
to Non-integer Schedules

We propose a general reduction that can be applied to any
integer schedule to obtain a corresponding (lower duty-cycle)
non-integer schedule. The reduction is motivated by the
following observation. Consider an integer schedule with slot
length ∆. We can construct a new schedule by “trimming”
the amount of time that a node is awake in an active slot from
∆ to ∆/2 + δ. The new schedule still guarantees that two
nodes can discover each other. This is because, by Property 1,
if the two nodes discover each other by time n according
to the original schedule, then there exists a time interval of
at least ∆/2, during which both of them are awake. After
“trimming”, since the amount of time a node is awake in an
active slot is ∆/2 + δ, the new schedule can still guarantee at
least δ amount of overlap while both nodes are awake, which
is sufficient for neighbor discovery. The above construction
significantly reduces the duty cycle: in the new schedule, the
duty cycle is di (∆/2 + δ)/∆, approximately half of di when
δ  ∆, where di is the original duty cycle of node i, i = 1, 2.
The new schedule, however, violates the switching interval
constraint (since the amount of awake time, ∆/2 + δ, in a
slot is less than ∆). This violation can be easily fixed by
assuming that the original integer schedule uses slot length
of 2∆ (instead of ∆); the “trimming” reduces the amount of
time that a node is awake in an active slot from ∆ to ∆/2 + δ.
Fig. 2 illustrates the “trimming” procedure. In the figure,
the “trimming” is by removing (∆ − δ)/2 on each end of an
active slot. In general, the “trimming” only needs to ensure
that there remains a continuous length of ∆/2 + δ awake time
in an active slot. Besides the example shown in Fig. 2, there
are many other ways of “trimming”, e.g., removing (∆ − δ)
at the beginning or end of an active slot.
The above reduction converts an integer schedule to a
non-integer schedule while preserving the discovery latency
and reducing the duty cycle by (approximately) a factor of
two. We next describe how to obtain a non-integer schedule
from an integer schedule so that the duty cycle remains to be
the same while the discovery latency is significantly reduced.
Suppose the duty cycle is d. The new non-integer schedule is
constructed as follows. We first construct an integer schedule
with duty cycle of d(2∆)/(∆ + δ) and slot length of 2∆. We
then apply the above “trimming” procedure (see Fig. 2) so
that the duty cycle is reduced to d, as desired. For two nodes
with duty cycles d1 and d2 , if the worst-case discovery time
of the original integer schedule is c/(d1 d2 ) · ∆, where c is a
constant (many existing schedules have this property; and
as we shall see, optimal schedules also have this property),
then the discovery latency of the new non-integer schedule

Disco
Disco Trim
U−Connect
U−Connect Trim
Singer
Singer Trim

5

10

4

10

The study in [3] proposes both integer and non-integer
variants of Searchlight, referred to as Searchlight-NS (no
striped probing) and Searchlight-S (with striped probing),
respectively. We can convert Searchlight-NS to a non-integer
schedule, referred to as “Searchlight trim,” following our
proposed reduction. Fig. 4 plots the worst-case discovery
latency versus duty cycle for these three schemes for symmetric duty cycles. We observe the performance of “Searchlight
trim” overlaps with that of Searchlight-S, both reducing the
worst-case discovery latency of Searchlight-NS by a factor of
two.

1

2
3
4
Duty Cycle (%)

5

Figure 3: Performance of integer schedules and
their corresponding non-integer schedules (symmetric case).
The above reduction can be applied to any integer schedule.
We next illustrate it using three existing schemes, Disco [5]
U-Connect [9], and schemes using Singer difference sets [30,
11], that provide integer schedules. Using the above reduction, we convert the integer schedules to their corresponding
non-integer schedules. Fig. 3 plots the worst-case discovery
latency versus duty cycle for these three schemes in the symmetric case. The results of both the original integer schedules
and the “trimmed” non-integer schedules are plotted in the
figure. We observe that for all three schemes, the worst-case
discovery latency of the non-integer schedule is only half of
that of the integer schedule. When “trimming” Singer sets
based integer schedules using our reduction, the performance
of the resultant non-integer schedules coincides with that
of Diff-Codes [17] (for the schedules of duty cycles that are
constructed using Singer sets). This is because Diff-Codes
expands each slot in the schedule from Singer sets to two
consecutive slots, an active slot followed by a sleeping slot,
and a sleeping slot followed by another sleeping slot. When
overflowing an active slot to its subsequent slot, it coincides
with a special form of “trimming” (i.e., by “trimming” an
amount ∆ − δ at the end of a 2∆ slot).

Worst-case Latency (∆)

Disco
Disco Trim
U−Connect
U−Connect Trim

3

10

Worst-case Latency (∆)

Worst-case Latency (∆)

is c/(4d1 d2 ) · 2∆ = c/(2d1 d2 ) · ∆, only half of the original
value.

Searchlight−NS
Searchlight−S
Searchlight Trim
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Figure 5: Performance of integer schedules and their
corresponding non-integer schedules (asymmetric
case).
The above examples illustrate applying the reduction in
the symmetric case. The reduction also works for the asymmetric case. One example is shown in Fig. 5, where we plot
the performance of Disco [5] and U-Connect [9], and their
corresponding non-integer schedules under asymmetric duty
cycles. The duty cycle of one node is fixed to be 1% while
the duty cycle of the other node varies from 1% to 20%. We
again observe the non-integer schedule reduces the worst-case
discovery latency of the integer schedule by a factor of two.

4.

LOWER BOUNDS

We next develop a general lower bound in the non-integer
model. This lower bound is characterized by both ∆ (switching time) and δ (required meeting time). It is for the general
case where two nodes have duty cycles, d1 and d2 , which can
be the same or different. As we remark at the end, this lower
bound leads to a family of lower bounds for both symmetric
and asymmetric settings.
Theorem 2. Consider two schedules S1 , S2 in the noninteger model with parameters ∆, δ. Assume that S1 , S2
have duty cycles d1 , d2 and, furthermore, L(S1 , S2 ) ≤ n,
i.e., they guarantee discovery within time n. Then d1 d2 ≥
∆2 /(2n(∆ − δ)). Conversely, the discovery latency is at least
∆2 /(2d1 d2 (∆ − δ)).
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Figure 4: Performance of the integer and noninteger schedules for Searchlight (symmetric case).

Proof. Consider two schedules S1 ⊂ R+ and S2 ⊂ R+
with duty cycles d1 and d2 , respectively. We suppose that
these schedules achieve discovery latency n, and proceed to
prove that we must then have
n≥

∆2
.
2d1 d2 (∆ − δ)

(1)

Select two large times T1 , T2  n for which Tj + n 6∈ Sj
(for each j = 1, 2) and

n≥

S1 ∩ [0, T1 + n) ≤ d1 (T1 + n) , and
S2 ∩ [0, T2 + n) ≤ d2 (T2 + n) .
S
(Recall that if A = i [αi , βiP
) is a disjoint union of half-open
intervals, we define |A| = i (βi − αi ).) We may express
each of these “prefixes” of the schedules Sj ∩ [0, Tj + n) as a
disjoint union of some (maximal) intervals:
S1 ∩ [0, T1 + n) =

k1
[

(1)

Bi

S2 ∩ [0, T2 + n) =

,

i=1

k2
[

(2)

Bi

,

i=1

(j)

We conclude that

(j)

(j)

where each Bi has the form [α, β). Let `i = |Bi |, the
length of the ith interval appearing in Sj ; then, for each node
j,
X (j)
|Sj ∩ [0, Tj + n)| =
`i ≤ dj (Tj + n) .
i

We pause briefly to introduce some further notation. For
a subset S ⊂ R and an element r ∈ R, we let S + r = {s + r |
s ∈ S} (and likewise define S − r). We also extend the
notation |A|, defined above for subsets A ⊂ R, to subsets
of R × R. Specifically, if A = [α(1) , β (1) ) × [α(2) , β (2) ), we
define S
|A| = (β (1) − α(1) ) · (β (2) − α(2) ). If A is a disjoint
union i Ai , where
P each Ai is such a product of intervals,
we define |A| = i |Ai |.
As S1 and S2 achieve discovery latency n, for any (t1 , t2 ) ∈
[0, T1 ) × [0, T2 ) the intersection of (S1 − t1 ) ∩ [0, n) and
(S2 − t2 ) ∩ [0, n) must contain an interval of width at least
(1)
δ. Fixing the position of a particular interval Bi , observe
(2)
(1)
that the interval Bi0 overlaps with Bi at an interval of
(1)
(2)
width δ for a collection of times of length `i + `i0 − 2δ (see
Fig. 6). It follows that


(1)
(2)

Bi − t1 meets Bi0 − t2 
(i)
(2)
(t1 , t2 ) at an interval of width δ
≤ n(`i + `i0 − 2δ) .


in [0, n)

T1 T2
.
k1 d2 (T2 + n) + k2 d1 (T1 + n) − 2k1 k2 δ

(2)

Additionally, we recall that any interval of activity must have
width ∆, and hence
k1 ∆ ≤ d1 (T1 + n)

and

k2 ∆ ≤ d2 (T2 + n) .

(3)

To complete the proof, we establish an upper bound on the
denominator of (2)
φ(k1 , k2 ) , k1 d2 (T2 + n) + k2 d1 (T1 + n) − 2k1 k2 δ
subject to the constraints (3). Note that, assuming k2 satisfies (3),
∂
φ(k1 , k2 ) = d2 (T2 + n) − 2δk2
∂k1
d2 (T2 + n)
≥ d2 (T2 + n) − 2δ

∆
2δ
= d2 (T2 + n) 1 −
≥ 0.
∆
(Recall that 2δ/∆ ≤ 1). It follows that for any choice of k2
consistent with (3), the function φ is maximized by taking k1
as large as possible—that is, so that the constraint (3) for k1
is tight. An analogous computation of ∂φ/∂k2 establishes the
corresponding statement for k2 : In particular, φ(k1 , k2 ) is
maximized when the constraints (3) are tight. We conclude
that
∆−δ
φ(k1 , k2 ) ≤ 2d1 d2 (T1 + n)(T2 + n)
∆2
Finally, in light of (2), we conclude that
n≥

∆2
T1 T2
·
.
2d1 d2 (∆ − δ) (T1 + n)(T2 + n)

As we are free to select Tj as large as we wish, the inequality (1) follows, as desired.
A few remarks area in order.
• When δ = ∆/2, the lower bound becomes the lower
bound for the basic integer model. We see when δ  ∆
(the assumptions in [3, 17]), the lower bound is a factor 2
less than the lower bound for the integer model, showing
the significant benefits of non-integer schedules. In the
rest of the paper, non-integer model assumes δ  ∆.

Figure 6: Overlap occurrences from a pair of intervals.
As every pair (t1 , t2 ) ∈ [0, T1 ) × [0, T2 ) must be covered by
some pair of intervals as above, we have

X  (1)
(2)
T1 T2 ≤
n `i + `i0 − 2δ
i,i0

!
= n k1

X
i0

(2)

`i0 + k2

X

(1)

`i

− 2k1 k2 δ

i

≤ n(k1 d2 (T2 + n) + k2 d1 (T1 + n) − 2k1 k2 δ) .

• When d1 = dp
2 , the lower bound on discovery latency
becomes ∆/ 2n(∆ − δ). When ∆ =
√ 1 and δ  ∆,
it reduces to the lower bound of 1/ 2n in a recent
study [17]. The derivation of [17] only considers symmetric settings. Our lower bound applies to both symmetric and asymmetric settings, and permits a quite
general model, characterized by the two parameters ∆
and δ that account for practical constraints.
• When d1 = d2 and δ = ∆/2, the lower bound on
discovery latency is ∆/d2 , which coincides with the
lower bound for integer schedules in the symmetric
case [30]. When d1 6= d2 and δ = ∆/2, the lower
bound on discovery latency is ∆/(d1 d2 ), which is, to be
best of our knowledge, the first lower bound for integer
schedules in the asymmetric case.

5.

OPTIMAL SCHEDULES

Original schedule

In this section, we first demonstrate that the reduction in
Section 3.4 converts an optimal integer schedule to an optimal
non-integer schedule. We then discuss optimal schedules for
symmetric and asymmetric settings, respectively. Our focus
is on periodic schedules, as in most existing studies.

5.1

Δ/2-δ

Δ/2-δ

Optimal Integer and Non-integer Schedules

Consider an optimal integer schedule. Suppose two nodes
have cycles d1 and d2 . When the slot length is 2∆, based on
the lower bound in Section 4, for the two nodes to discover
each other in time n, we must have
2∆
.
(4)
n
Under the reduction in Section 3.4, the duty cycle of a node
in the non-integer schedule, denoted as d0i , satisfies
d1 d2 ≥

d0i
d01 d02

∆+δ
, i = 1, 2 ,
2∆
2

∆+δ
= d1 d2
2∆
= di

(5)
(6)

Substituting (4) into (6) yields

2
(∆ + δ)2
2∆ ∆ + δ
∆2
d01 d02 ≥
=
≈
,
n
2∆
2n∆
2n(∆ − δ)
where the last approximation holds since δ  ∆ (we only
consider the non-integer model with δ  ∆, see remarks in
Section 4). The new non-integer schedule therefore meets
the lower bound for the non-integer model, and hence is an
optimal non-integer schedule.
In fact, we can use a more exact reduction (see Fig. 7),
which divides time into slots of length 2(∆ − δ) and “trim” a
total amount of ∆ − 2δ in each active slot. This reduction
still ensures discovery since the length of the awake time
in an active slot is ∆ while the ensured overlap is at least
2(∆ − δ)/2 = ∆ − δ. Repeating the above derivation, we
have
2(∆ − δ)
d1 d2 ≥
,
n
∆
d0i = di
, i = 1, 2 ,
2(∆ − δ)

2
2(∆ − δ)
∆
∆2
=
.
d01 d02 ≥
n
2(∆ − δ)
2n(∆ − δ)
That is, the constructed non-integer schedule matches the
lower bound in the non-integer model exactly, and hence is
optimal.

5.2

2(Δ-δ)
New schedule

Symmetric Case

Our discussion below only considers optimal integer schedules; using the reduction in Section 3.4, they can be readily
converted to optimal non-integer schedules.
While existing studies [30, 11, 17] show optimal schedules
can be achieved through Singer difference sets, the only explicit construction [11] in the networking community that
we are aware of requires exponential running time. In the
appendix, we describe an efficient polynomial-time construction based on the existence proof in [21]. In the following,
we present a novel optimal construction that is based on the
theory of Sidon sets (see, e.g., [23] for a detailed description of the theory). It is the first polynomial-time optimal
algorithm that does not rely on Singer difference sets.

wakeup sleep

Figure 7: Illustration of an optimal reduction that
converts an integer schedule to a corresponding noninteger schedule.
In the following, for ease of exposition, we regard the step
length, ∆, as one unit of time and approach the dual problem:
fixing a period n, how can one schedule a node’s wake-up
slots so that the schedule intersects with every rotation of
the schedule and, furthermore, minimizes the duty cycle, d
(determined by the number of active slots)? A solution to the
dual problem can be immediately converted to a schedule for
the original problem, i.e., for a given duty cycle, scheduling
the wake-up times so that the discovery latency is minimized.
Let S represent the schedule. Let L(S) = L(S, S) represent
the worst-case discovery latency.
Let Zn denote the residue classes of the integers√modulo
n. We wish to construct a set S ⊆ Zn of size |S| ≈ n such
that for any α, β ∈ Zn ,
|(α + S) ∩ (β + S)| 6= 0 ,
where α + S denotes the set {α + s | s ∈ S}. Note that using
this set S to define a periodic schedule immediately results
in L(S) ≤ n (and d = |S|/n). To simplify our requirements
on the set S, we observe the following:
Lemma 3. |(α + S) ∩ (β + S)| 6= 0 for any α, β ∈ Zn if and
only if Zn ⊆ S − S, where S − S denotes the set of differences
{s1 − s2 | s1 , s2 ∈ S}.
Proof. It is easy to see the statement that |(α + S) ∩ (β +
S)| 6= 0 for any α, β ∈ Zn is equivalent with |(α + S) ∩ S| 6= 0
for any α ∈ Zn . If |(α+S)∩S| 6= 0 for any α ∈ Zn , then there
exist two elements s1 , s2 ∈ S such that α + s1 = s2 ; thus
α = s2 − s1 ∈ S, which proves one direction of the lemma.
For the other direction, as Zn ⊆ S −S for any α ∈ Zn , we can
find two elements s1 , s2 ∈ S such that α = s2 − s1 . Therefore
α + s1 = s2 ∈ (α + S) ∩ S, as desired.
This allows us to focus our efforts on construction of saturated difference sets in Zn . Specifically, we say that a subset
S ⊂ Zn is a saturated difference set if S − S , {s1 − s2 |
s1 , s2 ∈ S} contains every element of Zn .
The Sidon set construction. Consider a prime number p
and let ϑ be a generator of the multiplicative group Z∗p =
{1, . . . , p − 1} of units modulo p. Then the map t 7→ ϑt is an
isomorphism between Zp−1 , the integers modulo p − 1 under
addition, and Z∗p , the multiplicative group of units modulo p.
Consider the set
S0 = {(t, ϑt ) | t ∈ Zp−1 } ⊂ Zp−1 ⊕ Zp .
While the set S0 is defined using the multiplicative structure
of the ring of integers modulo p, our goal is to establish
additive properties of the set (as a subset of the additive
group Zp−1 ⊕ Zp ).

Lemma 4. {(a, b) | a, b 6= 0} ∪ {(0, 0)} ⊂ S0 − S0 .
Proof. It is easy to see that (0, 0) ∈ S0 − S0 . For a pair
(a, b) ∈ Zp−1 × Zp for which a, b 6= 0, consider the differences

It remains, of course, to represent the set S inside Zp(p−1)
via the isomorphism promised by the Chinese remainder
theorem. For this purpose, note that

(a + `, ϑa+` ) − (`, ϑ` ) = (a, ϑ` (ϑa − 1))

Observe that since p and p − 1 are relatively prime, Zp−1 ⊕
Zp ∼
= Zp(p−1) by the Chinese remainder theorem, and a
saturated difference set in Zp−1 ⊕ Zp immediately yields a
saturated difference set in the cyclic group Zp(p−1) . However,
the set S0 above is not saturated: differences of elements of
the set miss a few evasive “slices” of Zp−1 ⊕ Zp ∼
= Zp(p−1) :
the elements (a, b) where a = 0 or b = 0.
To complete the construction, we can apply an existing
scheme in these small “slices.” We recall here the basic details
of U-Connect [9], which we adapt for this purpose. For a given
k > 0, consider the set Ak = {k, 2k, . . . , k2 } ∪ {0, 1, 2, . . . , k −
1} ⊂ Z. Observe that {−k2 , . . . , k2 } ⊂ Ak − Ak and hence
that Ak − Ak contains an element from every equivalence
class of the integers modulo 2k2 + 1. To be precise, defining
Ak,n = {a mod n | a ∈ Ak } it follows immediately that
Zn ⊂ Ak,n − Ak,n so long as n ≤ 2k2 + 1.
p

To summarize, for the integer n, define kn =
(n − 1)/2
and Dn = Akn ,n . By the discussion above, Dn is a saturated
difference set in Zn of size 2kn . Asp
a function of n, √
this yields
a saturated difference set of size 2
(n − 1)/2 ≤ 2n+2 =
√
2n + O(1).
Returning to our construction, define Sa = {(0, b) | b ∈
Dp } and Sb = {(a, 0) | a ∈ Dp−1 } (where Dn is as defined
above), and observe now that the set S , S0 ∪ Sa ∪ Sb clearly
has the property that Zp−1 ⊕Zp ⊂ S −S. To summarize, this
construction yields a saturated difference set in Zp(p−1) ∼
=
Zp−1 ⊕ Zp of size no more than
p
p
p − 1 + 2p + 2(p − 1)
p
p
p
≤
p(p − 1) + 2p + 2(p − 1)
p
p
≤
p(p − 1) + 3 4 p(p − 1) ,
p
p
√
as p > 2. (The fact that 2p + 2(p − 1) ≤ 3 4 p(p − 1) for
p ≥ 2 follows immediately by expanding the fourth power of
both sides.)
We record the results of this construction in the following
theorem.
Theorem 5. For any n of the form p(p − 1) with p > 2,
there is an √
explicit √
saturated difference set in Zn of size no
more than n + 3 4 n. For such a set, defining d = |S|/n,
we have L(S) ≤ |S| = (1 + o(1))/d2 .
We use the word explicit in the above theorem to indicate
that one can efficiently compute, given p, the elements of
the difference set. The construction requires generating the
elements of S0 , Sa , and Sb , which is straightforward given
a generator ϑ of the cyclic group Z∗p . Such a generator can
be found very quickly with randomization;
deterministically,
√
one can simply check the first p elements of Zp to find one
with the property that xp−1 ≡ 1 but x(p−1)/r 6≡ 1 for each
prime r dividing p − 1. See [2] for details.

mod p − 1

(p − 1)2 ≡ 0

mod p − 1

p≡0

mod p

(p − 1)2 ≡ 1

mod p .

It follows immediately that the element (a, b) ∈ Zp−1 ⊕ Zp is
carried to the element a·p+b(p−1)2 mod p(p−1) in Zp(p−1) .
As arithmetic in Zp , Zp−1 and Zp(p−1) can be carried out in
time poly(log p), we conclude that the entire set S can be
computed in time p · poly(log p).
6
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Worst-case Latency (∆)

for ` ∈ Zp−1 . As a 6= 0, the sum ϑa − 1 6= 0 and it follows
that b ∈ {ϑ` (ϑa − 1) | ` ∈ Zp−1 } = Z∗p as ϑ is a multiplicative
generator. In particular, by choosing ` to be logϑ (b/(ϑa − 1))
we find that (a, b) = (a + `, ϑa+` ) − (a, ϑa ), as desired. (Here
the notation logϑ x denotes the unique exponent in the set
{1, . . . , p − 1} for which ϑα = x.)

p≡1

Sidon
Singer

4

10

1

2
3
Duty Cycle (%)

4

5

Figure 8: The worst case discovery latency of two
optimal schemes (based on Singer and Sidon difference sets) for symmetric duty cycles.
Fig. 8 compares the performance of the two optimal constructions based on Singer and Sidon difference sets, respectively. The performance of Sidon set construction is very
close to that of the Singer set construction for small duty
cycles. The deviation under larger duty cycles is because
the lower order terms in Sidon set construction, which can
be improved using more efficient construction when filling
the small “slices.” We remark that like the other known
constructions that achieve asymptotic optimality, this Sidon
set construction requires n (and hence d) to have particular
number-theoretic properties.

5.3

Asymmetric Case

In the asymmetric case, we again only consider optimal
integer schedules for the same reason as described earlier.
For two nodes with duty cycles d1 and d2 , d1 6= d2 , the lower
bound of discovery latency is 1/(d1 d2 ) (see Theorem 2). A
simple optimal schedule is as follows. Each node picks the
closest prime number, pi , so that pi ≤ 1/di and p1 6= p2 .
Then a node wakes up in the slots that are the multiples of pi .
By the Chinese Remainder Theorem, since p1 6= p2 , for any
time shift between these two nodes, they can meet in time
p1 p2 ≈ 1/(d1 d2 ). This simple optimal schedule, however,
only works when p1 6= p2 . Hence it does not work for the
symmetric setting or when two nodes have similar duty cycles
(which leads to p1 = p2 ). In practice, we need a scheme that
works for both asymmetric and symmetric settings since the
nodes do not know whether they have the same or different
duty cycles beforehand.
Existing schemes that are based on prime numbers overcome the limitation in the above simple scheme through
adding mechanisms. Specifically, in Disco [5], each node
uses two prime numbers instead of one prime number; in

U-Connect [9], each node uses one prime, but is awake for
a continuous period of time in addition to the multiples of
the prime numbers. Neither of them is optimal. The asymmetric schedules in [3, 17] are not optimal either. Finding
a schedule that is optimal in the asymmetric setting while
also applicable (or even optimal) for the symmetric setting
remains an open question that is left as future work.

6.

CONCLUSION AND FUTURE WORK

In this paper, we first developed a generalized non-integer
model for asynchronous neighbor discovery on duty-cycled
mobile devices. This generalized model permits unified treatment of the assumptions in existing studies, and allows us to
place various existing results into a single setting. We then
provided a reduction that transforms any schedule in the
basic integer model to a corresponding schedule in the generalized non-integer model while improving the performance
by a factor of two. After that, we established a new family
of lower bounds for the best achievable latency guarantee in
the non-integer model. Last, we developed a novel optimal
construction based on Sidon sets for the symmetric setting.
Our work motivates two directions of further work. The
first is to develop optimal schedules for general duty cycles, d, in the symmetric setting. (As mentioned above,
known constructions—including the new construction presented here—only provide control for a particular set of d.)
One way to achieve this is through padding, in which case the
analysis of the worst-case performance requires detailed analysis of the density of the relevant d. The second is to develop
practical (close-to) optimal schedules for the asymmetric
setting.
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APPENDIX
The Singer Difference Set Construction
Definition 6. A subset D ⊆ Zv is called a (v, k, 1)difference set if |D| = k and, for any g ∈ Zv \{0}, there
exists exactly one pair (x, y) ∈ D × D such that g ≡ x − y
mod v.
For a given v, the Singer difference set [21] has k2 + k + 1 = v
and k − 1 is a prime power. It is the minimal difference
√
set whose
size, k, approximates the lower bound v, i.e.,
√
k ≈ v. It can be directly used to construct an optimal
neighbor discovery schedule for the symmetric setting. In the
following, for completeness, we first prove the existence of
Singer difference sets (the proof is adapted from that in [21]).
We then describe an explicit polynomial time construction.
Theorem 7. Let q be a prime power. Then there exists
an explicit (q 2 + q + 1, q + 1, 1)-difference set in Zq2 +q+1 .
Proof. The finite field Fq3 is a three-dimensional vector
space over Fq for any prime power q. Let V1 denote the
collection of all one-dimensional subspaces of Fq3 and V2
denote the collection of all two-dimensional subspaces of Fq3 .
For each B ∈ V2 , let AB , {C ∈ V1 | C ⊂ B}. It is easy to
check that |V1 | = q 2 + q + 1, a quantity we call ` throughout
the construction; furthermore |V2 | = |V1 |, as every twodimensional space is dual to a unique one-dimension space
2
under the bilinear map hx, yi = TrFq3 /Fq (xy) = (xy)q +
q
(xy) + xy. It is also easy to check that |AB | = q + 1 for
each B ∈ V2 and that any distinct pair (C1 , C2 ) ∈ V1 × V1 is
contained exactly in one two-dimensional space B ∈ V2 .
Let ω denote a primitive element of Fq3 (that is, a generator
for the multiplicative group F∗q3 ). Define a mapping α :
Fq3 → Fq3 by α(x) = ωx. Note that α is Fq -linear (and
clearly bijective): it carries subspaces to subspaces. It is not
difficult to show that α permutes the elements in V1 in a single
cycle of length `. Fixing a particular one-dimensional space
C0 , we write V1 = {C0 , C1 , · · · C`−1 } with the convention
that α(Ci ) = Ci+1 mod ` and, hence, Ci = ω i C0 . (Note
that this is well-defined because α` , corresponding to leftmultiplication by ω ` , has the identity action on the Ci .)
Rather remarkably, it can be proved that α also permutes
the elements in V2 in a single cycle of length `.
Let B0 denote a fixed two-dimensional subspace and define
D , {i | Ci ⊂ B0 } ⊂ Z` . To see that D is a difference set,
consider an element g ∈ Z` , g 6= 0. Now, the pair (C0 , Cg )
is contained in exactly one two-dimensional subspace B; let
i have the property that αi B0 = B. Now it follows that

α−i B = B0 and both C−i and Cg−i are contained in B0 ;
hence −i and g −i are both in D, with g −i−(−i) ≡ g mod `.
Uniqueness follows similarly. Thus D is a (q 2 + q + 1, q + 1, 1)difference set in Zq2 +q+1 .
Construction: For a prime power p, Fp3 can be realized
as Fp [x]/(g(x)) where g(x) ∈ Fp [x] is an irreducible polynomial of degree 3. Then the elements of Fp3 can be represented
as polynomials in Fp [x] having degree at most 2. We may
choose C0 = Fp , the constant polynomials; we then choose
B0 ∈ V2 to be span(1, x) = {i + jx | i, j ∈ Fp }. This yields
the difference set
D = {y ∈ Zp2 +p+1 | ω y = ax + b for some a, b ∈ Fq } ,
where ω is a primitive element of Fp3 .
The remaining work is to find a irreducible polynomial g(x)
and a primitive element ω. It turns out that we can do both
nk
1
at once. Initially, factor p3 − 1 such that p3 − 1 = pn
1 · · · pk ,
where each pi is a prime number. It suffices to identify a
polynomial g(x) = x3 + bx2 + cx + d (where b, c, d ∈ Fp )
3
3
so that: (i.) xp −1 ≡ 1 mod g(x), and (ii.) x(p −1)/pi 6≡ 1
mod g(x) for each i. Such g(x) is irreducible in Fp [x] and
guarantees that x is a primitive element of Fp3 . As such g
are known to be sufficiently dense (in fact, they have density
φ(p3 − 1)/(3p3 ), where φ is the Euler totient function), this
can be carried out very quickly with a randomized algorithm;
see [2]. As construction of the set S will take time polynomial
in p anyway, it is also possible to carry out this search
over all triples a, b and c. In either case, so long as fast
modular exponentiation is used to compute the powers xv ,
the construction can be carried out in time p3 poly(log p), as
desired.
This construction can be applied as well for prime powers
of the form q = pk . The only new complication is that one
must first construct the field Fq , which can be accomplished
using the same technique as described above: specifically,
one chooses an irreducible polynomial h(x) ∈ Fp [x] of degree
k and uses the set Fp [x]/(h(x)) as a representation of Fq ,
where addition is simply addition of polynomimals, and
multiplication is given by polynomial multiplcation modulo
the polynomial h(x). The remainder of the construction
proceeds as above.

